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ON THE STRONG UNIQUE CONTINUATION PROPERTY OF A
DEGENERATE ELLIPTIC OPERATOR WITH HARDY TYPE POTENTIAL
AGNID BANERJEE, ARKA MALLICK
Abstract. In this paper we prove the strong unique continuation property for the following
degenerate elliptic equation
(0.1) ∆zu+ |z|
2
∂
2
t u = V u, (z, t) ∈ R
N × R
where the potential V satisfies either of the following growth assumptions
|V (z, t)| ≤
f(ρ(z, t))
ρ(z, t)2
, where ρ is as in (2.1) and f satisfies the Dini integrability condition as in (1.3).
(0.2)
or when
|V (z, t)| ≤ C
ψ(z, t)ǫ
ρ(z, t)2
, for some ǫ > 0 with ψ as in (2.6) and N even.
This extends some of the previous results obtained in [G] for this subfamily of Baouendi-Grushin
operators. As corollaries, we obtain new unique continuation properties for solutions u to
∆Hu = V u
with certain symmetries as expressed in (1.6) where ∆H corresponds to the sub-Laplacian on
the Heisenberg group Hn.
1. Introduction
An operator L (local or non-local) is said to possess the strong unique continuation property in
the Lp sense if any non-trivial solution u to
Lu = 0
in a (connected) domain Ω ⊂ Rn cannot vanish to infinite order in the Lp mean at any point in
Ω. We refer to Definition 4.1 for the precise notion of vanishing to infinite order in the Lp mean.
The fundamental role played by strong unique continuation theorems in the theory of partial
differential equations is well known. We recall that in his foundational paper in 1939( see [C]),
T. Carleman established the strong unique continuation property for
∆u = V u
in R2 under the assumption that V is in L∞. This result was subsequently extended by several
mathematicians to arbitrary dimension and also to equations with variable coefficients. In this
direction, we refer to the pioneering work of Aronszajn-Krzywicki-Szarski (see [AKS]), where
strong unique continuation property for elliptic operators with Lipschitz principal part was
established by using generalization of the estimates of Carleman. About twenty years later a
different geometric approach independent of the Carleman estimates came up in the seminal
works of Garofalo-Lin in 1986, see [GL1], [GL2]. Their method, which is based on the almost
monotonicity of a generalized frequency function, allowed them to obtain new quantitative
information on the zero set of solutions to divergence form elliptic equations and, in particular,
encompassed the results of [AKS]. The reader should note that such a frequency function
approach has its roots in the well-known work of Almgren [A] which plays a crucial role in the
regularity theory of mass minimizing currents.
1
2 ON THE STRONG UNIQUE CONTINUATION PROPERTY
There has also been an interest of mathematicians working in partial differential equations
and mathematical physics to focus on the unique continuation property for equations with
unbounded lower order terms. Subsequent developments in this direction have culminated with
Jerison and Kenig’s celebrated result on the strong unique continuation property for
∆u = V u
with V ∈ L
n/2
loc (R
n), see [JK]. Their paper has inspired much progress in the subject and
nowadays the picture for second order uniformly elliptic equations is almost complete. See for
instance [KT] where analogous results have been established for variable coefficient operators
with Lipschitz principal part. We also refer to the work of Y. Pan [Pa], where strong unique
continuation property for elliptic equations with scaling critical Hardy type potentials has been
established, as well as to that of Chanillo-Sawyer ( see [ChS]) for strong unique continuation
results with potentials in the Fefferman-Phong class.
On the contrary, not so well understood is the situation concerning sub-elliptic operators. It
turns out that unique continuation is generically not true in such context. This follows from
a counterexample due to Bahouri [Bah], where the author showed that unique continuation is
not true for even smooth and compactly supported perturbations of the sub-Laplacian on the
Heisenberg group Hn. The first positive result in this direction came up in the work of Garofalo-
Lanconelli [GLa] where among other important results, the authors showed that strong unique
continuation result holds for solutions u to
∆Hu = V u
when u has certain symmetries as expressed in (1.6) and with certain growth conditions on V ,
see Theorem 5.1 below. Here, ∆H denotes the standard sub-Laplacian on H
n. We also refer to
the papers [GR] and [B] for the extension of the unique continuation result in [GLa] to Carnot
groups of arbitrary step with appropriate symmetry assumptions on the solution u which can
be thought of as analogous to that in (1.6). It is to be noted that the results in [B], [GLa] and
[GR] follow the circle of ideas as in the fundamental works [GL1] and [GL2] based on Almgren
type frequency function approach.
In a somewhat related direction, the study of strong unique continuation for zero order per-
turbations of the following degenerate Baouendi-Grushin type operators
Bβu = ∆zu+
|z|2β
4
∆tu, z ∈ R
N , t ∈ Rm, β > 0
was initiated by Garofalo in [G], where the author introduced an Almgren type frequency func-
tion associated with Bβ and proved that such a frequency is bounded for solutions u to
(1.1) Bβu = V u
when V satisfies the following growth assumption
(1.2) |V (z, t)| ≤ C
f(ρ(z, t))
ρ(z, t)2
ψ(z, t),
for some non-decreasing f which is Dini integrable, i.e.
(1.3)
∫ R0
0
f(r)
r
<∞, for some R0 > 0
and where
ρ(z, t) = (|z|2(β+1) + (β + 1)2|t|2)
1
2(β+1) and ψ(z, t) =
|z|2β
ρ(z, t)2β
,
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Consequently using the boundedness of such a frequency, the author inferred that the L2
doubling property of solutions to (1.1) follows which in particular implies the strong unique
continuation property. Also the case when V satisfies
(1.4) 0 < V +(z, t) ≤ C
ψ
ρ(z, t)2
, 0 ≤ V −(z, t) ≤ δ
ψ
ρ(z, t)2
,
for some δ > 0 small enough depending on N,m and β was studied in the very same paper and
in which case a slightly weaker version of unique continuation property was established( See
Theorem 4.4 in [G]). The results in [G] were subsequently extended in [GV] and [B] to variable
coefficient Baouendi-Grushin operators. Note that the weight ψ in (1.2) /(1.4) degenerates on
the submanifold {z = 0} and so the result in [G] doesn’t allow to take V ∈ L∞. The natural
appearance of this degenerate weight ψ can be seen from the fact that if
u = f(ρ(z, t))
then
Lu = ψ
(
f ′′(ρ) +
Q− 1
ρ
f ′(ρ)
)
, where Q = N + (β + 1)m.
When β = 1,m = 1, we note that the operator Bβ is intimately connected to the sub-Laplacian
on Hn. In order to see such a connection, we note that with respect to the standard coordinates
(z, t) = (x, y, t) on Hn( = Rn × Rn × R), the sub-Laplacian is given by
(1.5) ∆H = ∆z +
|z|2
4
∂2t +
n∑
i=1
∂t(yj∂xj − xj∂yj)
Now if u is a smooth function that annihilates the vector field T =
∑n
i=1(yj∂xj − xj∂yj) (i.e.,
Tu ≡ 0), then ( upto a normalization factor of 4) we have that
∆Hu = B1u, for m = 1.
Note that it is not difficult to recognize that
(1.6) Tu = 0 iff u(eiθz, t) = u(z, t).
Said differently, Tu = 0 if and only if u is invariant with respect to the natural action of the
torus on Hn.
In this very same case (i..e when β = 1 and m = 1), by establishing very delicate Lp −
Lq Carleman estimates as stated in (3.2), Garofalo and Shen in [GS] obtained strong unique
continuation for (0.1) when V ∈ Lrloc(R
N+1) for r > N = Q− 2 when N is even and r > 2N
2
N+1
when N is odd and hence succeeded in removing the degenerate weight ψ from their growth
assumption unlike that in (1.2) or (1.4) for this subfamily of {Bβ}. The reader should note that
the approach in [GS] in turn is inspired by that of Jerison’s work in [J] where a simpler proof of
the Jerison-Kenig’s Carleman inequality was discovered.
Now for a historical account, we recall that a more general class of operators modelled on Bβ
was first introduced by Baouendi who studied the Dirichlet problem in weighted Sobolev spaces
( see [Ba]). Subsequently, Grushin in [Gr1] and [Gr2] studied the hypoellipticity of the operator
Bβ when β ∈ N and showed that this property is however affected by the addition of lower
order terms. We would also like to refer to the papers [FGW] and [FL] for Ho¨lder regularity of
weak solutions to general equations modelled on Bβ. Remarkably, the operator of Baouendi also
played an important role in the recent work [KPS] on the higher regularity of the free boundary
in the classical Signorini problem. We would also like to mention that a version of the Almgren
type monotonicity formula for Bβ played an extensive role in [CSS] on the obstacle problem for
the fractional Laplacian.
4 ON THE STRONG UNIQUE CONTINUATION PROPERTY
Therefore given the relevance of these sub-ellliptic operators in various contexts, in this paper
we study the strong unique continuation for zero order perturbations of the operator B1 (when
m = 1) with singular potentials of Hardy type. We first show that quite interestingly, by
employing the Lp − Lq type Carleman estimate derived in [GS], one can prove strong unique
continuation property for (0.1) (see Theorem 4.2 below) when the potential V satisfies the
following growth condition
|V (z, t)| ≤
f(ρ(z, t))
ρ(z, t)2
for a.e. (z, t) ∈ BR0 and f satisfies (1.3),(1.7)
i.e. we show that in the growth condition (1.2) as treated in [G], the degenerate weight ψ can be
removed from the growth assumption for this subfamily of operators for the validity of strong
unique continuation. Typical representatives of f satisyfing (1.3) are f(r) = Crǫ (ǫ > 0) or
f(r) = C|log(1/r)|−α (α > 1) and therefore the growth assumption in (1.7) can be thought of
as an “almost” Hardy type growth condition.
Then by using the L2 estimates for projection operators Pk as established in [GS]( (see (2.11)
for the definition of Pk) , we establish a certain L
2 − L2 type Carleman estimate where we
obtain a particular asymptotic behaviour of the constant involved in terms of a parameter s
which corresponds to the exponent of the singular weight in the Carleman inequality ( See the
estimate in Theorem 3.3 below). Using such an asymptotic behaviour of the constant, we adapt
an argument in [Pa] to our sub-elliptic setting and consequently obtain an analogous strong
unique continuation result for equation (0.1) when the potential V satisfies the following Hardy
type growth condition
|V (z, t)| ≤ C
ψ(z, t)ǫ
ρ(z, t)2
for a.e. (z, t) ∈ BR0 , ǫ > 0 and N even,(1.8)
which again improves the growth assumption in (1.4) for this subclass of Bauoendi-Grushin
operators (see Theorem 4.3 below and also Theorem 4.4 for the corresponding result when N
is odd). The reader should note that our result Theorem 4.3 is new even for ǫ = 1 because the
growth assumption in (1.4) requires δ to be sufficiently small. We would also like to mention
that although we closely follow the approach of [Pa] in parts, it has nonetheless required some
delicate modifications in our setting as the reader can see in the proof of Theorem 4.3 in Section
4. This is essentially due to the presence of the degenerate weight ψ in our Carleman estimates.
We also note that a generic potential V satisfying our growth conditions in (1.7) or (1.8) need
not be in Lr for the range of r dealt in [GS] and therefore the class of potentials covered in our
work are somewhat complementary to that treated in [GS].
A few open problems as well as remarks are listed in order:
1) We note that in our growth condition (1.8), the parameter ǫ which corresponds to the
exponent of ψ can be taken arbitrarily small. Said differently, we show in our Theorem
4.3 that the degenerate weight ψ can be “almost” removed in the Hardy type growth
assumption. It however remains to be seen whether in (1.8), one can get rid of the
degenerate weight ψ completely from the growth condition, i.e. whether one can take
ǫ = 0 in (1.8) so that Theorem 4.3 continues to hold. This appears to be a challenging
open problem to which we would like to come back in a future study.
2) It also appears interesting to look at generalization of our unique continuation results as
well as that of [GS] for the case when m > 1, i.e. for equations of the type
(1.9) ∆zu+ |z|
2∆tu = V u, (z, t) ∈ R
N × Rm
The reader should note that this would consequently have similar applications to unique
continuation properties for sub-Laplacian type equations on H- type groups ( see Section
9 in [GR] for a detailed account on this aspect). This seems to be a challenging issue as
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well where one would need to establish estimates similar to that stated in Theorem 3.1
for appropriate projection operators.
3) It would also be interesting to look at backward uniqueness results for zero order per-
turbations of the parabolic counterpart of the operators as in (0.1) or more generally of
the ones as in (1.9). We refer the reader to the interesting papers [Po], [E], [EV] and
[ESS] for the corresponding results in the case of uniformly parabolic operators.
The paper is organized as follows. In Section 2, we introduce certain relevant notions and
gather some known results. In Section 3, we establish a certain L2−L2 type Carleman estimate
with a particular asymptotic behavior of the corresponding constant as mentioned above using
which we prove our strong unique continuation result Theorem 4.3. In Section 4, we prove
our main results Theorem 4.2 and Theorem 4.3 using the Carleman estimates in Section 3.
Finally in Section 5, we show application of our results to a new unique continuation property
for stationary Schro¨dinger equations on the Heisenberg group Hn.
Acknowledgment: One of us, A.B. would like to thank Prof. Nicola Garofalo for several
suggestions and feedback related to this work.
2. Preliminaries
The content of this section is essentially borrowed from [GS]. The main goal is to introduce a
suitable polar coordinates with respect to the non isotropic gauge function defined in (2.1) below
and show how the Grushin operator interacts with these newly introduced polar coordinates.
ρ(z, t) =
(
|z|4 + 4t2
) 1
4 , z ∈ RN , t ∈ R.(2.1)
For 0 < φ < π, 0 < θi < π, i = 1, 2, . . . , N − 2 and 0 < θN−1 < 2π let


z1 = ρ sin
1
2 φ sin θ1 . . . sin θN−2 sin θN−1
z2 = ρ sin
1
2 φ sin θ1 . . . sin θN−2 cos θN−1
...
zN = ρ sin
1
2 φ cos θ1
t = ρ
2
2 cosφ.
(2.2)
Then as computed in [GS], we have
r = |z| = ρ sin
1
2 φ,
dzdt =
1
2
ρN+1 (sinφ)
N−2
2 dρdφdω(2.3)
L = ∆z + |z|
2 ∂
2
∂t2
= sinφ
(
∂2
∂ρ2
+
N + 1
ρ
∂
∂ρ
+
4
ρ2
Lσ
)
,
where dω denotes the surface measure on SN−1 and
Lσ =
∂2
∂φ2
+
N
2
cosφ
sinφ
∂
∂φ
+
1
(2 sinφ)2
∆SN−1 .(2.4)
Here σ = (φ, ω), ω ∈ SN−1 and ∆SN−1 denotes the Laplace-Beltrami operator on S
N−1. Notice
that
(2.5) sinφ = ψ
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where
ψ(z, t) :=
r2
ρ2
=
|z|2
(|z|4 + 4t2)
1
2
(2.6)
The following lemma characterizes the spherical Harmonics for the Grushin operator.
Lemma 2.1. Let k be nonnegative integer and l = k( mod 2), with 0 ≤ l ≤ k. Suppose that Yl
is a spherical harmonic of degree l for ∆SN−1. Then
g(φ, ω) = sin
l
2 φC
l
2
+N
4
k−l
2
(cosφ)Yl(ω)
satisfies Lσg = −
k(N+k)
4 g. Here, C
l
2
+N
4
k−l
2
(τ) is an ultraspherical (or Gegenbauer) polynomial. We
refer to page 174 in [E] for relevant details.
As in [GS], we now define,
Hk = span
{
sin
l
2 φC
l
2
+N
4
k−l
2
(cosφ)Yl,j(ω)
∣∣j = 1, 2, . . . , dl, 0 ≤ l ≤ k, l = k( mod 2)
}
,(2.7)
where dl =
(N+2l−2)Γ(N+l−2)
Γ(l+1)Γ(N−1) and {Yl,j}j=1,...,dl denote an orthonormal basis for the space of
spherical harmonics of degree l on Sn−1. By taking ρ = 1 in (2.2), we can parametrize
Ω =
{
(z, t) ∈ RN+1
∣∣ρ(z, t) = (|z|4 + 4t2) 14 = 1}(2.8)
and consider the measure given by,
dΩ = sin
N
2 dφdω.(2.9)
Then as shown in Lemma 2.11 of [GS], we have that
(2.10) L2(Ω, dΩ) =
∞⊕
k=0
Hk.
We also let
Pk : L
2(Ω, dΩ)→Hk(2.11)
be the projection operator onto the (k + 1)−th eigenspace of Lσ defined in (2.4).
The Function space M2,2(Ω): In order to introduce the notion of solution for the equation
(0.1), it is natural to consider the following function space associated with the Ho¨rmander vector
fields
Xi = ∂zi , i = 1, ..., N.(2.12)
Yj = zj∂t, j = 1, ..., N.
We define
M2,2(Ω) = {u ∈ L2(Ω) : Xiu, Yju,XiXju,XiYju, YiXju, YiYju ∈ L
2(Ω), i, j ∈ {1, . . . , N}}.
Note that, by Theorem 1 in [Xu] ,M2,2(Ω) forms a Hilbert space with respect to the norm
||u||M2,2(Ω) := ||u||L2(Ω) +
∣∣∣∣∣∣|∇zu|2∣∣∣∣∣∣
L2(Ω)
+ |||z| |∂tu|||L2(Ω)
(2.13)
+
∑
1≤i,j≤N
||XiXju||L2(Ω) + ||XiYju||L2(Ω) + ||YiXju||L2(Ω) + ||YiYju||L2(Ω) .
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Also, from the Sobolev embedding theorem as in [Xu], it follows that
(2.14) u,∇Hu ∈ L
2∗
loc(Ω), 2
∗ =
2(N + 2)
N
where
∇Hu = (X1u, . . . ,XNu, Y1u, . . . YNu).
3. Carleman Estimates
In this section, we first recall a Lp−Lq type Carleman estimate derived in [GS] using which we
prove one of our strong unique continuation result as in Theorem 4.2 below. This corresponds
to the situation when the potential V has the growth assumption as in (1.7). We then derive
a particular L2 − L2 Carleman inequality where we obtain a certain asymptotic behaviour of
the constant involved in the inequality in terms of the parameter s, where s corresponds to the
exponent of the singular weight in the Carleman estimate ( See Theorem 3.3 below). Using such
an estimate, we argue as in [Pa] and obtain strong unique continuation property for (0.1) when
the potential V satisfies the Hardy type growth assumption as in (1.8). The reader should note
that our proof of this new L2 − L2 Carleman estimate relies crucially on the following L2 − L2
estimate for the projection operator Pk established in [GS] which can be stated as follows.
Theorem 3.1. There exists a constant C > 0 depending only on N and α, such that for any
h ∈ L2(Ω, dΩ) ∫
Ω
∣∣sin−α φPk (sin−α(.)h) (φ, ω)∣∣2 dΩ ≤ C
∫
Ω
|h|2dΩ.(3.1)
Here, 0 ≤ α < 12 , if N is even and 0 ≤ α <
3
8 , if N is odd.
Next we recall a Carleman inequality derived in [GS] ( see Theorem 5.1 in [GS]), which will
be instrumental in proving Theorem 4.2. For the rest of the discussion in this paper, we will
denote by L the Baouendi-Grushin operator on RN+1 as in (0.1) defined by
L := ∆z + |z|
2 ∂
2
∂t2
.(3.2)
Theorem 3.2. Let 0 < δ < 14 , s > 100 and dist(s,N) =
1
2 Suppose that p =
2N
N−1 and
q = 2NN+1 . Then there exists constant C > 0 depending only on δ and N , such that for f ∈
C∞c
(
R
N+1 \ {0}
)
, the following inequality holds
∣∣∣∣∣∣ρ−s (sinφ)δ f ∣∣∣∣∣∣
Lp
(
RN+1, dzdt
ρN+2
) ≤ C
∣∣∣∣∣∣ρ−s+2 (sinφ)−δ L(f)∣∣∣∣∣∣
Lq
(
RN+1, dzdt
ρN+2
) ,(3.3)
if N ≥ 2 is even, and
∣∣∣∣∣∣ρ−s (sinφ) 14p+δ f ∣∣∣∣∣∣
Lp
(
RN+1, dzdt
ρN+2
) ≤ C
∣∣∣∣∣∣ρ−s+2 (sinφ)− 14p−δ L(f)∣∣∣∣∣∣
Lq
(
RN+1, dzdt
ρN+2
) ,(3.4)
if N ≥ 3 is odd.
Now with certain modifications (which will be pointed out) in the proof of Theorem 5.1
in [GS], we show that the following L2 − L2 Carleman inequality can be derived. As remarked
earlier, the main feature of this inequality is the prescribed asymptotic behaviour of the constant
and that is crucially used in the proof of our Theorem 4.3 which concerns the growth assumption
on V as in (1.8).
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Theorem 3.3. Let 0 < δ < 14 , s > 100 and dist(s,N) =
1
2 . Then there exists constant C > 0
depending only on δ and N , such that for f ∈ C∞c
(
R
N+1 \ {0}
)
, the following inequality holds,
∣∣∣∣∣∣ρ−s (sinφ)δ f ∣∣∣∣∣∣
L2
(
RN+1, dzdt
ρN+2
) ≤
C log2 s
s
∣∣∣∣∣∣ρ−s+2 (sinφ)−δ L(f)∣∣∣∣∣∣
L2
(
RN+1, dzdt
ρN+2
) ,(3.5)
if N ≥ 2 is even, and
∣∣∣∣∣∣ρ−s (sinφ) 18+δ f ∣∣∣∣∣∣
L2
(
RN+1, dzdt
ρN+2
) ≤
C log2 s
s
∣∣∣∣∣∣ρ−s+2 (sinφ)− 18−δ L(f)∣∣∣∣∣∣
L2
(
RN+1, dzdt
ρN+2
) ,(3.6)
if N ≥ 3 is odd.
Remark 3.4. We note that for the L2 − L2 Carleman estimate corresponding to the standard
Laplacian, i.e. L = ∆, it can be shown that the asymptotic behavior of the constant is infact Cs
as s→∞ for some universal C( see for instance [ABV]). This is clearly better than the one we
have in Theorem 3.3 above. However for our application to unique continuation as in Theorem
4.3, it turns out that the asymptotic behaviour of the constant that we obtain in Theorem 3.3
above suffices.
Proof. We will point out the changes only for the case N is even. In the case of N odd, the
proof will follow similarly. In view of the discussion in the proof of Theorem 5.1 in [GS]( more
precisely, as on page 157-158 in [GS]), it suffices to show that the following inequality holds
||Rs(g)||L2(R×Ω,(sinφ)−1+2δdydΩ) ≤
Clog2s
s
||g||L2(R×Ω,(sinφ)−1−2δdydΩ) , ∀g ∈ C
∞
c (R × Ω).(3.7)
Here,
Rs(g)(y, φ, ω) =
∫
R
∫
R
ei(y−x)η
∞∑
k=0
Qk(g)(x, φ, ω)
as(η, k)
dηdx,(3.8)
where the operator Qk is defined by
Qk(g)(x, φ, ω) = Pk
(
g(x, ·, ·)
sin(·)
)
(φ, ω)(3.9)
and
as(η, k) = −
(
η − i
((
s+
N + 1
2
)
−
√
k(N + k) + s+
(N + 1)2
4
))
·
(
η − i
((
s+
N + 1
2
)
+
√
k(N + k) + s+
(N + 1)2
4
))
.(3.10)
Now, fix s > 100 such that dist(s,N) = 12 . Let m satisfies 2
m ≤ s10 < 2
m+1. Similar to [GS],
we choose a partition of unity {Φβ}
m
β=0 for R+ such that

∑
β Φβ(r) = 1, for all r > 0
suppΦβ ⊂ {r : 2
β−2 ≤ r ≤ 2β}, β = 1, 2, . . . ,m− 1
suppΦ0 ⊂ {r : 0 < r ≤ 1}
suppΦm ⊂ {r : r ≥
s
40}
(3.11)
and ∣∣∣∣ dldrlΦβ(r)
∣∣∣∣ ≤ Cl2βl , l = 0, 1, 2, . . .(3.12)
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For 0 ≤ β ≤ m, we define
bβs (η, k) =
1
as(η, k)
Φβ
(∣∣∣∣∣η − i
((
s+
N + 1
2
)
−
√
k(N + k) + s+
(N + 1)2
4
)∣∣∣∣∣
)
(3.13)
and
Rβs (g)(y, φ, ω) =
∫
R
∫
R
ei(y−x)η
∞∑
k=0
Qk(g)(x, φ, ω)b
β
s (η, k)dηdx.(3.14)
We further define
F βs (x, y, φ, ω) =
∫
R
ei(y−x)η
∞∑
k=0
Qk(g)(x, φ, ω)b
β
s (η, k)dη.(3.15)
Now, suppose there exists fβs ∈ L1(R) such that∣∣∣∣∣∣F βs (x, y, ·, ·)∣∣∣∣∣∣
L2(Ω,(sinφ)−1+2δdΩ)
≤ fβs (|x− y|) ||g(x, ·, ·)||L2(Ω,(sinφ)−1−2δdΩ) ,(3.16)
then we can use Minkowski’s integral inequality to estimate
∣∣∣∣∣∣Rβs (g)∣∣∣∣∣∣
L2(R×Ω,(sinφ)−1+2δdydΩ)
in
the following manner∣∣∣∣∣∣Rβs (g)∣∣∣∣∣∣
L2(R×Ω,(sinφ)−1+2δdydΩ)
(3.17)
=

∫
R


(∫
Ω
(∫
R
F βs (x, y, φ, ω) (sinφ)
−1+2δ
2 dx
)2
dΩ
) 1
2


2
dy


1
2
≤
(∫
R
(∫
R
∣∣∣∣∣∣F βs (x, y, ·, ·)∣∣∣∣∣∣
L2(Ω,(sinφ)−1+2δdΩ)
dx
)2
dy
) 1
2
≤
(∫
R
(∫
R
fβs (|x− y|) ||g(x, ·, ·)||L2(Ω,(sinφ)−1−2δdΩ) dx
)2
dy
) 1
2
≤
∣∣∣∣∣∣fβs ∣∣∣∣∣∣
L1(R)
||g||L2(R×Ω,(sinφ)−1−2δdydΩ)
where to get the last two inequality we have used (3.16) and the Young’s inequality for convo-
lution respectively. Now since
Rs =
m∑
β=0
Rβs ,
therefore the preceding inequality clearly shows that to establish (3.7) we only need to find
appropriate fβs in (3.16).
First consider 0 ≤ β ≤ m− 1. In this case, if bβs (η, k) 6= 0, then by (3.11),
δ2β−2 ≤
∣∣∣∣∣η − i
((
s+
N + 1
2
)
−
√
k(N + k) + s+
(N + 1)2
4
)∣∣∣∣∣ ≤ 2β .
Hence, |η| ≤ 2β and |s− k| ≤ 2β+1. Therefore, there are at most 2β+2 nonzero terms in the sum
over k in (3.13) and one can compare the values of these k′s to s. So as in (5.19) in [GS], using
(3.12), (3.10) and (3.13) we conclude that∣∣∣∣ ∂j∂ηj bβs (η, k)
∣∣∣∣ ≤ Cj2−βs2jβ .(3.18)
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Invoking (3.1) with h = (sin φ)α−1g, we get
||Qk(g)||L2(Ω,(sinφ)−2αdΩ) ≤ C ||g||L2(Ω,(sinφ)2α−2dΩ) ,
for 0 < α < 12 . Choosing, δ =
1
2 − α in the last inequality we get
||Qk(g)||L2(Ω,(sinφ)−1+2δdΩ) ≤ C ||g||L2(Ω,(sinφ)−1−2δdΩ)(3.19)
Now performing integration by parts and using (3.18), (3.19) we conclude that∣∣∣∣∣∣F βs (x, y, ·, ·)∣∣∣∣∣∣
L2(Ω,(sinφ)−1+2δdΩ)
≤
C
|y − x|j
∞∑
k=0
∫
R
∣∣∣∣∣
(
∂
∂η
)j
bβs (η, k)
∣∣∣∣∣ dη ||Qk(g)||L2(Ω,(sinφ)−1+2δdΩ)
≤
C2β
s(2β|y − x|)j
||g||L2(Ω,(sinφ)−1−2δdΩ) .
In the above estimate, we crucially used the fact that the support of integral lies in {|η| ≤ β}
and the fact that atmost 2β+2 terms survive in the above summation over k.
If we now choose j = 10 and j = 0, then we obtain∣∣∣∣∣∣F βs (x, y, ·, ·)∣∣∣∣∣∣
L2(Ω,(sinφ)−1+2δdΩ)
≤
C
s (1 + 2β|y − x|)
10 2
β ||g||L2(Ω,(sinφ)−1−2δdΩ) .
Thus we are in the form of (3.16) with fβs (r) =
C
s(1+2β |r|)
10 2
β. Clearly,
∣∣∣∣∣∣fβs ∣∣∣∣∣∣
L1(R)
≤ Cs . Then
from the estimates as in (3.17), this implies for each β = 0, ...m − 1
(3.20)
∣∣∣∣∣∣Rβs (g)∣∣∣∣∣∣
L2(R×Ω,(sinφ)−1+2δdydΩ)
≤
C
s
||g||L2(R×Ω,(sinφ)−1−2δdydΩ) .
Therefore by summing over β = 0 to β = m− 1 and by using the fact that
m ≤ log2s
we obtain
m−1∑
β=0
∣∣∣∣∣∣Rβs (g)∣∣∣∣∣∣
L2(R×Ω,(sinφ)−1+2δdydΩ)
≤
Clog2s
s
||g||L2(R×Ω,(sinφ)−1−2δdydΩ) .(3.21)
Finally we consider the case of β = m. For this, we observe that on the support of bms (η, k) we
have
(3.22) |as(η, k)| ∼ (|η|+ s+ k)
2
and also
(3.23)
∣∣∣∣∣
(
∂
∂η
)j
bNs (η, k)
∣∣∣∣∣ ≤ Cj(|η|2 + k + s)j+2 .
Similarly as in the previous case, by integration by parts, using and (4.1) and (3.23) and by
choosing j = 0 and j = 2 we arrive at
||Fms (x, y, ·, ·)||L2(Ω,(sinφ)−1−2ǫdΩ) ≤
∞∑
k=0
C
(k + s) (1 + (k + s)2|y − x|2)
||g||L2(Ω,(sinφ)−1−2ǫdΩ) .
(3.24)
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Thus we are again in the situation as in (3.16) with fβs (r) =
∑∞
k=0
C
(k+s)(1+(k+s)2|r|2)
. Clearly,
∣∣∣∣∣∣fβs ∣∣∣∣∣∣
L1(R)
≤ C
∞∑
k=0
1
(k + s)2
≤
C
s
.
Therefore we conclude that
(3.25) ||Rms (g)||L2(R×Ω,(sinφ)−1+2δdydΩ) ≤
C
s
||g||L2(R×Ω,(sinφ)−1−2δdydΩ)
Finally, combining (3.21) and (3.25) we obtain (3.7). This completes the proof. 
4. Strong Unique Continuation
In this section, we establish the strong unique continuation property for (0.1) with the growth
assumptions on V as in (1.2) or (1.4) using the Carleman estimates as stated in Theorem 3.2
and Theorem 3.3. For r > 0 and t0 ∈ R, we define
Br ((0, t0)) := {(z, t) ∈ R
N+1 :
(
|z|4 + 4|t− t0|
2
) 1
4 < r}, Br := Br((0, 0)).(4.1)
Definition 4.1. We recall that u vanishes to infinite order at the point (0, t0) in the L
p mean,
if ∫
Br(0,t0)
|u|pdzdt = O(rl), as r→ 0 for all l > 0.(4.2)
We note that in [G] as well as in [GLa], the authors insisted in their definition of vanishing
to infinite order at (0, 0) that the function u must satisfy the following weaker assumption
(4.3)
∫
Br
u2ψdzdt = O(rl), for all l > 0 as r → 0+
It however turns out that for functions in M2,2(B1), vanishing to infinite order as in (4.2) (
for p = 2) is in fact equivalent to vanishing to infinite order in the sense of (4.3). This is the
content of the next lemma.
Lemma 4.1. Let u ∈M2,2(B1). Then u vanishes to infinite order in the L
2 mean at (0, 0) ( in
the sense of Definition 4.1) if and only if u vanishes to infinite order in the sense of (4.3).
Proof. First we note that if u vanishes to infinite order in the L2 mean, since ψ ≤ 1, we have∫
Br
u2ψdzdt ≤
∫
Br
u2dzdt
and hence it follows that u vanishes to infinite order in the sense of (4.3). Now let us look at
the converse implication. First we note that from (2.14) we have
u ∈ L2
∗
loc(B1), where 2
∗ =
2(N + 2)
N
Now if u vanishes to infinite order in the sense of (4.3), it follows from the interpolation inequality
||u||Lq(Br , ψdzdt) ≤ ||u||
θ
L2(Br , ψdzdt)
||u||1−θ
L2∗(Br , ψdzdt)
, where
θ
2
+
1− θ
2∗
=
1
q
that for all q < 2∗, we have
(4.4)
∫
Br
uqψdzdt = O(rl), as r → 0+
for all l > 0. Now we fix some q ∈ (2, 2∗). Then from the Ho¨lder inequality it follows
(4.5)
∫
Br
|u|dzdt ≤ (
∫
Br
|u|qψdzdt)1/q(
∫
Br
ψ−
1
q−1 dzdt)
q−1
q
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Now since q > 2, therefore we have that 1q−1 < 1 and hence it follows from the polar decompo-
sition as in (2.3) that ∫
Br
ψ−
1
q−1 dzdt <∞, Note that ψ = sinφ
Therefore combining (4.4) and (4.5) we get that
(4.6)
∫
Br
|u|dzdt = O(rk), as r→ 0
for all k > 0. Now again by using an interpolation inequality of the type
||u||L2(Br ,dzdt) ≤ ||u||
θ
L1(Br ,dzdt)
||u||1−θ
L2∗(Br ,dzdt)
, where θ +
1− θ
2∗
=
1
2
it follows from (4.6) that u vanishes to infinite order in the L2 mean as in Definition 4.1. The
claim in the lemma thus follows. 
Our first unique continuation result can now be stated as follows.
Theorem 4.2. With L as in (3.2), let u ∈M2,2(Br0) for some r0 > 0 be a solution to
Lu = V u in Br0 ,(4.7)
for a potential V satisfying (1.7). If u vanishes to infinite order at (0, 0) in the sense of (4.3),
then u ≡ 0 in Br0.
Proof. The proof of this result uses the Carleman estimates as in Theorem 3.2. First we note
that in view of Lemma 4.1, we have that u vanishes to infinite order in the L2 mean at (0, 0).
Now as in [GS], we let ξ ∈ C∞c (R
N+1) such that ξ = 1 when ρ(z, t) ≤ 12 and ξ = 0 when
ρ(z, t) ≥ 34 . Also, we define Ψj(ρ) = Ψ(jρ), where Ψ = 1− ξ.
We first consider the case when N is even. Without loss of generality, we may assume for
simplicity that r0 = 1. Using a standard limiting argument (i.e. by approximation with smooth
functions), one can show that the Carleman estimate (3.3) holds for f = ξΨju. This gives
∣∣∣∣∣∣ρ−s (sinφ)δ ξΨju∣∣∣∣∣∣
Lp
(
RN+1, dzdt
ρN+2
) ≤ C
∣∣∣∣∣∣ρ−s+2 (sinφ)−δ L(Ψju)∣∣∣∣∣∣
Lq
(
Br ,
dzdt
ρN+2
)
+
∣∣∣∣∣∣ρ−s+2 (sinφ)−δ L(ξu)∣∣∣∣∣∣
Lq
(
ρ≥r, dzdt
ρN+2
)(4.8)
:= I + II,(4.9)
where 0 < 34j < r <
1
2 are constants to be chosen later. For δ small enough, by using Ho¨lder
inequality and (2.3) we conclude that
II ≤ Cr
−s+2−N+2
q ||L(ξu)||L2(B1) ≤ Cr
−s+2−N+2
q ||u||M2,2(B1) .(4.10)
Next, we estimate I. For this we note that,
L(Ψju) = L(Ψj)u+ 2∇zΨj · ∇zu+ 2|z|
2∂tΨj · ∂tu+ΨjL(u).(4.11)
Now we note that the derivatives of Ψj are supported in B 3
4j
− B 1
2j
and satisfy the following
bounds
(4.12) |∇Ψj |, |∇
2Ψj| ≤ C0j
k for some C0 universal and some k
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Therefore, by using (4.11), (4.12), the equation (4.7) satisfied by u and an application of
Ho¨lder inequality for δ small enough, we can estimate I as follows
I ≤ C
∣∣∣∣∣∣ρ−s+2 (sinφ)−δ VΨju∣∣∣∣∣∣
Lq(Br ,
dzdt
ρN+2
)
+ CjM

∫
B 3
4j
−B 1
2j
|u|2dzdt


1
2
(4.13)
+ CjM

∫
B 3
4j
−B 1
2j
(
|∇zu|
2 + |z|2|∂tu|
2
)
dzdt


1
2
where M > 0 is a constant which depends on s. Now using the following variant of the Cac-
cioppoli inequality
(4.14)
∫
Bd−Bd/2
(|∇zu|
2 + |z|2|∂tu|
2)dzdt ≤
C
d2
∫
B2d−Bd/4
(u2 + |V ||u|2)dzdt, d > 0,
the vanishing to infinite order property of u and the growth assumption on V as in (1.7), we
can conclude that
(4.15)
CjM

∫
B 3
4j
−B 1
2j
|u|2dzdt


1
2
+ CjM

∫
B 3
4j
−B 1
2j
(
|∇zu|
2 + |z|2|∂tu|
2
)
dzdt


1
2
→ 0 as j →∞
Also, using Ho¨lder inequality ( since 1p =
1
q −
1
N ), we can estimate the quantity∣∣∣∣∣∣ρ−s+2 (sinφ)−δ VΨju∣∣∣∣∣∣
Lq(Br ,
dzdt
ρN+2
)
in (4.13) using the growth assumption on V as in (1.7) in the following way,
C
∣∣∣∣∣∣ρ−s+2 (sinφ)−δ VΨju∣∣∣∣∣∣
Lq(Br ,
dzdt
ρN+2
)
≤ C
∣∣∣∣∣∣(sinφ)−2δ f(ρ)∣∣∣∣∣∣
LN (Br ,
dzdt
ρN+2
)
∣∣∣∣∣∣ρ−s (sinφ)δ Ψju∣∣∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
)(4.16)
Therefore, plugging (4.16) and (4.15) into (4.13) and then also by using the estimate for II as
in (4.10) we get from (4.8) (after passing j →∞) that the following inequality holds
∣∣∣∣∣∣ρ−s (sinφ)δ u∣∣∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
) ≤ C
∣∣∣∣∣∣(sinφ)−2δ f(ρ)∣∣∣∣∣∣
LN (Br ,
dzdt
ρN+2
)
∣∣∣∣∣∣ρ−s (sinφ)δ u∣∣∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
)
(4.17)
+ Cr
−s+2−N+2
q ||u||M2,2(B1) .
Now using dzdt = 12(sinφ)
N−2
2 ρN+1dρdφdω, we get
∣∣∣∣∣∣(sinφ)−2δ f(ρ)∣∣∣∣∣∣
LN (Br ,
dzdt
ρN+2
)
=
(
1
2
∫ r
0
f(ρ)N
ρ
dρ
∫
SN−1
dω
∫ π
0
(sinφ)−2δN+
N−2
2 dφ
)1/N(4.18)
≤
(
1
2
∫ r
0
f(ρ)
ρ
dρ
∫
SN−1
dω
∫ π
0
(sinφ)−2δN+
N−2
2 dφ
)1/N
, for r small enough such that f(r) ≤ 1.
At this point using Dini integrability of f as in (1.3), it follows from (4.18) that if we choose
r, δ small enough, then one can ensure that
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C
∣∣∣∣∣∣(sinφ)−2δ f(ρ)∣∣∣∣∣∣
LN (Br ,
dzdt
ρN+2
)
<
1
2
and therefore the term C
∣∣∣∣∣∣(sinφ)−2δ f(ρ)∣∣∣∣∣∣
LN (Br ,
dzdt
ρN+2
)
∣∣∣∣∣∣ρ−s (sinφ)δ u∣∣∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
) in (4.17) can
be absorbed in the left hand side. Consequently we obtain∣∣∣∣
∣∣∣∣(ρr
)−s
(sinφ)δ u
∣∣∣∣
∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
) ≤ C ||u||M2,2(B1) .
Now with s = k + 12 by letting k → ∞, we conclude u ≡ 0 in Br. Outside of Br, we have that
V is bounded and therefore we can now apply the results in [GS] to conclude that u ≡ 0 in B1.
To handle the case when N ≥ 3 is odd, we instead use the Carleman estimates as in (3.4)
similar to that in the proof of Theorem 6.4 in [GS]. Then by repeating the same arguments as
above, and the fact that
∣∣∣∣∣∣(sinφ)− 14p−δ v∣∣∣∣∣∣
Lq(Br)
≤ C ||v||L2(Br) for δ small(4.19)
which follows from Ho¨lder inequality, we obtain by a limiting argument as before
∣∣∣∣∣∣ρ−s (sinφ) 14p+δ u∣∣∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
)(4.20)
≤ C
∣∣∣∣∣∣(sinφ)− 12p−2δ f(ρ)∣∣∣∣∣∣
LN (Br ,
dzdt
ρN+2
)
∣∣∣∣∣∣ρ−s (sinφ) 14p+δ u∣∣∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
)
+ Cr
−s+2−N+2
q ||u||M2,2(B1) .
Now again by using polar coordinates, we observe that for δ small enough∣∣∣∣∣∣(sinφ)− 12p−2δ f(ρ)∣∣∣∣∣∣
LN (Br ,
dzdt
ρN+2
)
= o(1), as r → 0.(4.21)
Therefore from (4.20) and (4.21), a careful imitation of the previous proof will yield∣∣∣∣∣∣ρ−s (sinφ) 14p+δ u∣∣∣∣∣∣
Lp
(
Br ,
dzdt
ρN+2
) ≤ Cr−s+2−
N+2
q ||u||M2,2(B1) .
From here we can use the same arguments as in the case of N ≥ 2 even to conclude the result
for the case of N ≥ 3 odd. This completes the proof.

The next unique continuation result concerns the Hardy type growth assumption for the
potential V as in (1.8).
Theorem 4.3. With L as in (3.2), let N be even, r0 > 0 and u ∈M
2,2 (Br0) be a solution to
Lu = V u in Br0 ,(4.22)
for a potential V satisfying (1.8) for some ǫ > 0. If u vanishes to infinite order at (0, 0) in the
sense of (4.3), then u ≡ 0 in Br0.
Proof. As in the proof of Theorem 4.2, we may assume r0 = 1 and also that u vanishes to
infinite order at (0, 0) in the L2 mean. Note that the later fact follows from Lemma 4.1. We
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now proceed as in the proof of Theorem 4.2 and consider the same cutoff functions Ψj and ξ.
Now by applying the Carleman estimate as in (3.5) with the f = ξΨju and δ =
ǫ
2 we obtain∣∣∣∣∣∣ρ−s (sinφ) ǫ2 ξΨju∣∣∣∣∣∣
L2
(
RN+1, dzdt
ρN+2
)
≤
C log2 s
s
∣∣∣∣∣∣ρ−s+2 (sinφ)− ǫ2 L(Ψju)∣∣∣∣∣∣
L2
(
Br ,
dzdt
ρN+2
)
+
C log2 s
s
∣∣∣∣∣∣ρ−s+2 (sinφ)− ǫ2 L(ξu)∣∣∣∣∣∣
L2
(
ρ≥r, dzdt
ρN+2
) := I + II,(4.23)
where j is large enough and r is small enough satisfying 0 < 34j < r <
1
2 . Clearly,
II ≤
C log2 s
s
r−s+2
∣∣∣∣∣∣(sinφ)− ǫ2 L(ξu)∣∣∣∣∣∣
L2
(
ρ≥r, dzdt
ρN+2
) .(4.24)
Observe that in the preceding inequality, the term involving the L2 norm is finite, i.e.
(4.25)
∣∣∣∣∣∣(sinφ)− ǫ2 L(ξu)∣∣∣∣∣∣
L2
(
ρ≥r, dzdt
ρN+2
) <∞.
This can be seen as follows. We first note that away from the origin, we have that V is bounded.
Therefore since u satisfies (4.22), it follows from the De Giorgi-Nash-Moser theory in this setting
( see for instance [CDG]) that u is bounded away from the origin and consequently the same
holds for L(u) as well because of (4.22). Therefore, using the boundedness of u,L(u), higher
integrability of ∇zu, |z|∂tu (as in (2.14)), Ho¨lder inequality and the fact that
∫
{ρ≥r}
(sinφ)−δ dzdt <∞,
for any δ ∈ (0, 1), we can assert that the term involving L2 norm in (4.24) is finite for small
enough ǫ. Note that in the growth assumption (1.8), since ψ = sinφ ≤ 1, therefore in the very
first place we can assume that (1.8) holds for ǫ small enough.
Next we estimate I. Again from the following interpolation inequality
||u||Lq ≤ ||u||
θ
L2 ||u||
1−θ
L2∗
, where
θ
2
+
1− θ
2∗
=
1
q
and also by using (2.14) we can infer that since u vanishes to infinite order at (0, 0) in the L2
mean, it also vanishes of infinite order in the Lq mean for any q ∈ (2, 2∗). Similarly by using the
variant of the Caccioppoli inequality as in (4.14) and interpolation inequality as above, we can
assert |∇zu| and |z||∂tu| vanishes to infinite order at (0, 0) in the L
q mean for any q ∈ (2, 2∗).
Therefore, combining these with the fact that∫
B1
(sinφ)−δ dzdt <∞, ∀δ ∈ (0, 1),
we can conclude that (sinφ)−ǫ |u|2 and (sinφ)−ǫ
(
|∇zu|
2 + |z|2 |∂tu|
2
)
vanishes to infinite order
in the L1 mean at the point (0, 0) for small enough ǫ. Hence, for some large enoughM depending
on s we have,
I ≤
C log2 s
s
∣∣∣∣∣∣ρ−s+2 (sinφ)− ǫ2 VΨju∣∣∣∣∣∣
L2
(
Br ,
dzdt
ρN+2
) +
C log2 s
s
jM

∫
B 3
4j−
1
2j
(sinφ)−ǫ |u|2dzdt


1
2
16 ON THE STRONG UNIQUE CONTINUATION PROPERTY
+
C log2 s
s
jM

∫
B 3
4j
−
1
2j
(sinφ)−ǫ
(
|∇zu|
2 + |z|2 |∂tu|
2
)
dzdt


1
2
≤
C log2 s
s
∣∣∣∣∣∣ρ−s (sinφ) ǫ2 Ψju∣∣∣∣∣∣
L2
(
Br,
dzdt
ρN+2
) + o(1), as j →∞.
(4.26)
To achieve the last inequality we have used the imposed condition (1.8) on V . Therefore, letting
j →∞ and making use of inequalities (4.24), (4.26) we conclude from (4.23) that the following
holds ∣∣∣∣∣∣ρ−s (sinφ) ǫ2 u∣∣∣∣∣∣
L2
(
Br ,
dzdt
ρN+2
) ≤
C log2 s
s
∣∣∣∣∣∣ρ−s (sinφ) ǫ2 u∣∣∣∣∣∣
L2
(
Br ,
dzdt
ρN+2
)
+
C log2 s
s
r−s+2
∣∣∣∣∣∣(sinφ)− ǫ2 L(ξu)∣∣∣∣∣∣
L2
(
ρ≥r, dzdt
ρN+2
) .
Now letting s = sk := k +
1
2 , for large enough k we have
C log2 sk
sk
<
1
2
and therefore in the preceding inequality, for large enough k, the first term can be absorbed in
the left hand side and consequently we will have
∣∣∣∣
∣∣∣∣(ρr
)−sk
(sinφ)
ǫ
2 u
∣∣∣∣
∣∣∣∣
L2
(
Br ,
dzdt
ρN+2
) ≤
C log2 sk
sk
r2
∣∣∣∣∣∣(sinφ)− ǫ2 L(ξu)∣∣∣∣∣∣
L2
(
ρ≥r, dzdt
ρN+2
) .(4.27)
Now in view of (4.25), by passing to limit k →∞ in (4.27) we can assert that u ≡ 0 in Br. The
rest of the argument remains the same as in the proof of the previous theorem and hence we
can again conclude that u ≡ 0 in B1.

Now in the case when N ≥ 3 is odd, because the nature of the Carleman estimate in (3.4)
is different, therefore we cannot assert that Theorem 4.3 holds. However using the estimate
in (3.4) and a slight adaptation of the previous proof, we can assert that the following unique
continuation property holds.
Theorem 4.4. With L as in (3.2), let N ≥ 3 be odd, r0 > 0 and u ∈ M
2,2 (Br0) be a solution
to
Lu = V u in Br0 ,(4.28)
for a potential V satisfying
|V (z, t)| ≤
C(sinφ)
1
4
+ǫ
ρ(z, t)2
for some ǫ > 0. If u vanishes to infinite order at (0, 0) in the sense of (4.3), then u ≡ 0 in
Br0 .
5. Application to unique continuation on the Heisenberg group Hn
We recall that on the Heisenberg group Hn = R2n+1, if we denote an arbitrary point by
(x, y, t) = (x1, ...xn, y1, ...yn, t), then the group operation is defined as follows
(x, y, t) ◦ (x′, y′, t′) = (x+ x′, y + y′, t+ t′ + 2(x′.y − x.y′))
ON THE STRONG UNIQUE CONTINUATION PROPERTY 17
Let z = (x, y). Note that the horizontal vector space V1 is spanned by
Xi = ∂xi + 2yi∂t, i = 1, .., n(5.1)
Xn+j = ∂yj − 2xj∂t, j = 1, .., n
and the vertical space V2 is spanned by ∂t. Infact, H
n is a protypical example of Carnot group
of step 2. As is well known, the following Hormander bracket generating condition holds,
[Xi,Xn+j ] = −4δij∂t, ∀i, j ∈ {1, . . . , n}
and consequently the sub-Laplacian defined by
∆Hu =
2n∑
i=1
X2i u
is hypoelliptic. Note that in real coordinates we have,
(5.2) ∆Hu = ∆zu+
|z|2
4
∂2t u+ ∂tTu
where
Tu =
n∑
i=1
(yj∂xju− xj∂yju)
As mentioned in the introduction, Tu = 0 if and only if (1.6) holds and in which case ∆Hu is
given by
(5.3) ∆Hu = ∆zu+
|z|2
4
∂2t u
Now we recall that in [GLa], Garofalo and Lanconelli showed that the following unique con-
tinuation results hold.
Theorem 5.1 (GL). Let u be a solution to
∆Hu = V u
such that
|tTu(z, t)| ≤ g(ρ(z, t))|z|2|u(z, t)|
for some Dini integrable g satisfying (1.3). Now corresponding to N = 2n and β = m = 1,
if V satisfies the growth condition as in (1.2), then u satisfies the strong unique continuation
property at 0.
If instead V satisfies the growth condition as in (1.4) for some δ small enough, then there
exists r0 > 0 such that if ∫
Br
u2ψ = O(exp(−Ar−α)), as r → 0+
for some A,α > 0, then u ≡ 0 in Br0.
As previously mentioned in the introduction, the proof in [GLa] is based on Almgren type
frequency function approach. Now in the situation of Theorem 5.1 when Tu ≡ 0, we obtain
the following improvement of Theorem 5.1 as a consequence of our unique continuation results
Theorem 4.2 and Theorem 4.3 in Section 4.
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Theorem 5.2. Let u be a solution to
∆Hu = V u, in Br0
such that u,Xiu,Xiu,XiXju ∈ L
2(Br0(0, 0)), ∀i, j ∈ {1, . . . , 2n} and V satisfies either the
growth condition as in (1.7) or as in (1.8) corresponding to β = m = 1 and N = 2n. Moreover
assume that Tu ≡ 0. Then if u vanishes to infinite order at 0 in the sense of (4.3), then u ≡ 0
in Br0.
Proof. In view of the discussion around (5.3) above, we note that
∆Hu = ∆zu+
|z|2
4
∂2t u, z = (x, y) ∈ R
2n
i.e. upto a normalization factor of 4, we have that ∆Hu = B1u. Now if V satisfies (1.7), we can
apply the result in Theorem 4.2 to conclude that u ≡ 0.
On the other hand, if V instead satisfies the growth condition in (1.8), we apply the result
in Theorem 4.3 to again conclude that the desired conclusion holds. Note that in our case, we
have that N = 2n and hence Theorem 4.3 can be applied which corresponds to the case when
N is even. We would however like to direct the attention of the reader to a subtle aspect in the
application of Theorem 4.3. The reader should note that in the proof of Theorem 4.3, we needed
at an intermediate step that |∇zu|
2 + |z|2 |∂tu|
2 ∈ L1+γ for some γ > 0 in order to assert by
an application of Ho¨lder and interpolation type inequality that (sinφ)−ǫ
(
|∇zu|
2 + |z|2 |∂tu|
2
)
vanishes to infinite order in the L1 mean at the point (0, 0) for small enough ǫ. That was also
needed to ensure the finiteness of the quantity in (4.25). In our situation, this is guaranteed by
the fact that since Tu = 0, therefore we have
2n∑
i=1
X2i u = |∇zu|
2 + |z|2(∂tu)
2
and consequently by the Folland-Stein embedding ( [FS]), the higher integrability of |∇zu|
2 +
|z|2 |∂tu|
2 follows. The rest of the proof remains the same.

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